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ABSTRACT

Blind source separation (BSS) and related methods such as independent component analysis (ICA) and their
extensions or sparse component analysis (SCA) refers to wide class of problems in signal and image processing,
when one needs to extract the underlying sources from a set of mixture. The goal of BSS can be considered as
estimation of true physical sources and parameters of a mixing system, while objective of generalized component
analysis (GCA) is finding a new reduced or hierarchical and structured representation for the observed (sensor)
multidimensional data that can be interpreted as physically meaningful coding or blind signal decompositions.
These methods are generally based on a wide class of unsupervised learning algorithms and they found potential
applications in many areas from engineering to neuroscience. The recent trends in blind source separation and
generalized component analysis is to consider problems in the framework of matrix factorization or more general
signals decomposition with probabilistic generative and tree structured graphical models and exploit some priori
knowledge about true nature and structure of latent (hidden) components or sources such as spatio-temporal
decorrelation, statistical independence, sparsity, nonnegativity, smoothness or lowest possible complexity. The
key issue is to find a such transformation or coding which has true physical meaning and interpretation. In this
paper we discuss some promising approaches and algorithms for BSS/GCA, especially for ICA and SCA in order
to analyze, enhance, perform feature extraction, removing artifacts and denoising of multi-modal, multi-sensory
data.

Keywords: Independent Component Analysis (ICA) and its extensions. Sparse Component Analysis (SCA),
sparse representation, validity and optimality tests

1. INTRODUCTION

Data decomposition and representation are widely used in signal processing and neural computing. A traditional
method include Fourier analysis and wavelets representations. In many applications is necessary to perform
some decomposition of observed signals or data in such way that components have some special properties or
structures such as statistical independence, sparsity, smoothness, non-negativity, prescribed statistical distribu-
tions and/or specific temporal structure. Recently, several novel methods and approaches have been proposed for
decomposition and representations of signals and images, especially, Independent Component Analysis (ICA),
Sparse Component Analysis (SCA) and Non-negative Matrix Factorization (NMF).}119 All these methods can
be expressed algebraically as some specific problems of matrix factorization: Given observation (often called
sensor or data) matrix X € R™*Y perform the matrix factorization

X = AS + E, (1)

where A € IR™*™ represents basis data matrix or mixing matrix (depending on application), E € R™* " is
a matrix representing errors or noise and matrix S € R™Y contains the corresponding hidden components
that give the contribution of each basis vector. Often these components represent unknown source signals with
specific temporal structures, features or properties. For example, the rows of matrix S should be sparse as
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possible for SCA or independent as possible for ICA or take only nonnegative values for NMF or values with
specific constraints.®7 It is important to note that the statistical independence and sparsity are generally
different criteria or concepts.

Although some decompositions or matrix factorizations provide an exact reconstruction data (i.e., X = AS),
we shall consider here decompositions which are approximative in nature, however they should be robust to
noise and enforce some desirable constraints. In blind source separation (BSS) problem the data matrix X =
[x(1),x(2)...,x(N)] can be represented by vectors x(k) (k = 1,2,...,N) for many time instants as multiple
measurements or recordings, thus the compact aggregated matrix equation (1) can be written in a vector form
as the system of linear equations: x(k) = A s(k) + e(k), where x(k) = [z1(k),. .., 2 (k)]T is the vector of the
observed signals at the discrete time instant k while s(k) = [s1(k), ..., s, (k)] is the vector of components at the
same time instant. The above formulated problems are related closely to linear inverse problem or more generally,
to solving a large ill-conditioned system of linear equations (overdetermined or underdetermined depending on
applications) where it is necessary to estimate reliably vectors s(k) and in some cases also to identify a matrix
A for noisy data.

Different cost functions and imposed constraints may lead to different types of matrix factorizations. For
example, in order to find a sparse representation of the matrix S such that the individual columns of S should
have not only a sparse structure but also a desired sparsity profile and simultaneously some smoothness, we can
construct the following optimization problem with two (or more) regularization terms:

mln(—IIX AS||F+a1ZZ|SJ |+a222|83 ) = si(k=p)D); (2)

k=1j=1 k=p j=1

where ay > 0 and @y > 0 are regularization coefficients providing sparseness and/or piecewise smoothness.
It can be shown that the using optimization approach we can extend this approach to other useful concepts
such Smooth Component Analysis (SmoCA) and other spatio-temporal representations with specific features or
constraints.

The problems of separating or extracting the original source waveforms from the sensor array, without know-
ing the transmission channel characteristics and the sources can be expressed briefly as a number of related
BSS or blind signal decomposition problems such Independent Component Analysis (ICA) (and its extensions:
Topographic ICA, Multidimensional ICA, Kernel ICA, Tree-dependent Component Analysis, Subband Decom-
position -ICA), Sparse Component Analysis (SCA), Sparse PCA (SPCA), Non-negative Matrix Factorization
(NMF), Smooth Component Analysis (SmoCA), Parallel Factor Analysis (PARAFAC), Time-Frequency Com-
ponent Analyzer (TFCA) and Multichannel Blind Deconvolution (MBD).% 476 11714

2. INDEPENDENT COMPONENT ANALYSIS (ICA)AND ITS EXTENSIONS

ICA can be defined as follows: The ICA of a random vector x(k) € R™ is obtained by finding an n x m,
(with m > n), full rank separating (transformation) matrix W such that the output signal vector y(k) =
[y1(k),y2(k), ..., yn(k)]T (independent components) estimated by

y(k) = Wx(k), 3)

are as independent as possible evaluated by an information-theoretic cost function such as minima of Kullback-
Leibler divergence.?®

Compared with principal component analysis (PCA), which removes second-order correlations from observed
signals, ICA further removes higher-order dependencies. Independence of random variables is a more general
concept than decorrelation. Roughly speaking, we say that random variables y; and y; are statistically inde-
pendent if knowledge of the values of y; provides no information about the values of y;. Mathematically, the
independence of y; and y; can be expressed by the relationship p(y;,y;) = p(yi)p(y;), where p(y) denotes the
probability density function (pdf) of the random variable y. In other words, signals are independent if their joint
pdf can be factorized.
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If independent signals are zero-mean, then the generalized covariance matrix of f(y;) and g(y;), where f(y)

and ¢(y) are different, odd nonlinear activation functions (e.g., f(y) = tanh(y) and g(y) = y for super-Gaussian

sources) is a non-singular diagonal matrix!:

E{f(y1)g(y1)} 0
Reg = E{f(y)g" ()} = ,
(4)
i.e., the covariances E{f(y;)g(y,)} are all zero for i # j. It should be noted that for odd f(y) and g(y), if the
probability density function of each zero-mean source signal is even, then the terms of the form E{f(y;)} E{g(v:)}

equal zero. The true general condition for statistical independence of signals is the vanishing of high-order cross-
cumulants.? 1517

The above diagonalization principle can be expressed as'®
-1 -1
ng = A ) (5)

where A is any diagonal positive definite matrix (typically, A =T or A = diag{Ry4}). By pre-multiplying the
above equation by separating matrix W and A, we obtain:

AR; ;W =W, (6)

which suggest the following iterative multiplicative learning algorithm

W(+1) = AR;;W(l), (7)

W(l+1) [VVT(Z + )W+ 1)} I (8)

W(i+1)

where the last equation represents the symmetric orthogonalization to keep algorithm stable. The above algo-
rithm is simple and fast but need prewhitening the data.

In fact, a wide class of ICA algorithms can be expressed in general form as (see Table 1)*
VW(l) = W(l+1) - W(l) =nF(y)W(0), (9)

where y (k) = W(I)x(k) and the matrix F(y) can take different forms, for example F(y) = A,, — f(y)g” (y) with
suitably chosen nonlinearities  f(y) = [f(y1), ..., f(yn)] and g(y) = [g(y1), ..., g(yn)]. > 1619721

Assuming prior knowledge of the source distributions p;(y;), we can estimate W using maximum likelihood
(ML):

1 n
J(W,y) = 3 log | det(WW )| — ZIOg(pi(yi) (10)
i=1
Using natural gradient descent to increase likelihood we get:
W(l+1)=n [I-fly)y"] W(), (11)

where f(y) = [fi(v1), f2(y2), .-, fu(yn)]? is an entry-wise nonlinear score function defined by

oy Pilyi) _ dlog(pi(y:)
filws) = pi(yi) dly;) (12)

It should be noted that ICA can perform blind source separation, i.e., enable to estimate true sources only if
they are all statistically independent and non Gaussian (except possibly of one).*: 22
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Table 1. Basic equivariant adaptive learning algorithms for ICA. Some of these algorithms require prewhitening.

No.

10.

Learning Algorithm

AW = [~ (E(v) 8" ()| W

A is a diagonal matrix with nonnegative elements \;;

W) = [Len - () g" ]| W)

AW =1 [A —(f(y) yT>}W, fyi) = =0 (y:)/p(y:)
i = (f(yi(k))yi(k)) or Aiu=1, Vi

AW = [T (yy") = (E)y") + (v £ (v))| W

AW = n|1— (yy") = (¥)y") + () £ (7)) | W

W=W+ n[A —(£(y)yV W, i = (F(wi) wi)

ni = i+ (F (ya))] ™' W =WWI'W)~1/2

Sy -1
W—AngW

W = W(WTW) /2

AW = y[1- A yy")| W

Xii(k) = (y7 (K)))

AW =1 {I = Ci4(y,y) Sq+1(y)}W

Crq(Yi, y5) = Cum(yi, ¥, - -, Y5)
—

q

W(l+1) = exp(n Fly]) W(0)
Fly)=A—(yy") - () y")+ ¥yt )
AW = nF[y|W

fij = [)\iiéij — a1 <yiy}> — o < f(yi)yj >]
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2.1. Sequential Blind Source Extraction

There are two main approaches to solve the problem of blind separation and deconvolution. The first approach,
which was mentioned briefly in the previous section, is to simultaneously decompose or separate all sources. In
the second one, we extract sources sequentially in a blind fashion, one by one, rather than separating them all
simultaneously. In many applications, a large number of sensors (electrodes, sensors, microphones or transducers)
are available but only a very few source signals are subjects of interest. For example, in the modern EEG or
MEG devices, we observe typically more than 100 sensor signals, but only a few source signals are interesting; the
rest can be considered as interfering noise. In another example, the cocktail party problem, it is usually essential
to extract the voices of specific persons rather than separate all the source signals of all speakers available (in
mixing form) from an array of microphones. For such applications it is essential to develop and apply reliable,
robust and effective learning algorithms which enable us to extract only a small number of source signals that
are potentially interesting and contain useful information.

We can use two different models and criteria. The first criterion is based on higher order statistics (HOS)
which assumes that the sources are mutually statistically independent and non-Gaussian (at most only one can
be Gaussian). For independence criteria, we will use some measures of non-Gaussianity.* Let us assume that
observed (sensor) signals are prewhitened (sphered), and as a cost function for minimization, we may employ* °

1

Fw) =~ 1 Iralon)| = 2 alon), (13)

where r4(y1) is the normalized kurtosis defined for zero-mean signals by r4(y1) = E{|y1|°} —3 and the parameter
(8 determines the sign of the kurtosis of the extracted signal. The gradient of the above cost function can be
expressed as Vy, J = —B[E{y3x} — 3E{y?}E{y1x}]. This leads to modified and improved fast ICA algorithm
expressed as

W41 = BBy — SELA B, u = wl (%, (14)
B wi(l+1)
wil+) = EEDn (15)

The above algorithm is more robust in respect to the number of samples in comparison to original Fast ICA
algorithm.®

The second alternative criterion, based on the concept of linear predictability and assumes that source signals
have some temporal structure, i.e., the sources are colored with different autocorrelation functions or equivalently
have different spectra shapes. In this approach, we exploit the temporal structure of signals rather than their
statistical independence.?32% Intuitively speaking, the source signals s; have less complexity than the mixed
sensor signals ;. In other words, the degree of temporal predictability of any source signal is higher than (or
equal to) that of any mixture.

For example, waveforms of a mixture of two sine waves with different frequencies are more complex or less
predictable than either of the original sine waves. This means that applying the standard linear predictor model
and minimizing the mean squared error E{c?}, which is measure of predictability, we can separate or extract
signals with different temporal structures. More precisely, by minimizing the error, we maximize a measure of
temporal predictability for each recovered signal.?% 26

It is worth to note that two criteria used in BSE: temporal linear predictability and non-Gaussianity based
on kurtosis may lead to different results. Temporal predictability forces the extracted signal to be smooth and
possibly less complex while the non-Gaussianity measure forces the extracted signals to be as independent as
possible with sparse representation for sources that have positive kurtosis.

Let us assume for simplicity, that we want to extract only one source signal, e.g. s;(k), from the available
sensor vector x(k). For this purpose, we employ a single processing unit described as (see Figure 1):

yi (k) = wix(k)=> wyz(k), (16)
i=1
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