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IV. CONCLUSION

In this letter, an enhancement of the NBLM algorithm is proposed. It
is shown that, by locally adapting one learning coefficient of the NBLM
for each neighborhood, significant improvements on the performance
of the method are achieved. The suggested modification requires only
minor changes in the original algorithm, and reinforces the local char-
acter of the NBLM.

With the proposed local adaptation, the modified NBLM achieves
better performance than the LM method even for very small neighbor-
hood sizes. This allows very large NNs to be efficiently trained in a
fraction of the time LM would require, still reaching lower error rates.
Moreover, it makes possible to retain the efficiency of that method in
those situations where the application of the original algorithm was
impractical.
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Sparse Component Analysis and Blind Source Separation
of Underdetermined Mixtures

Pando Georgiev, Fabian Theis, and Andrzej Cichocki

Abstract—In this letter, we solve the problem of identifying matricesS
andA knowing only their multiplicationX = AS, under

some conditions, expressed either in terms ofA and sparsity of S (identifi-
ability conditions), or in terms ofX (sparse component analysis (SCA) con-
ditions). We present algorithms for such identification and illustrate them
by examples.

Index Terms—Blind source separation (BSS), sparse component analysis
(SCA), underdetermined mixtures.

I. INTRODUCTION

One of the fundamental questions in data analysis, signal processing,
data mining, neuroscience, etc. is how to represent a large data set X
(given in form of a (m � N)-matrix) in different ways. A simple ap-
proach is a linear matrix factorization

X = AS A 2
m�n

; S 2
n�N (1)

where the unknown matrices A (dictionary) and S (source signals)
have some specific properties, for instance:

1) the rows of S are (discrete) random variables, which are statisti-
cally independent as much as possible—this is independent compo-
nent analysis (ICA) problem; 2) S contains as many zeros as pos-
sible—this is the sparse representation or sparse component analysis
(SCA) problem; 3) the elements ofX;A, and S are nonnegative—this
is nonnegative matrix factorization (NMF) [8].

There is a large amount of papers devoted to ICA problems [2], [5]
but mostly for the case m � n. We refer to [1], [6], [7], and [9]–[11]
for some recent papers on SCA and underdetermined ICA (m < n).

A related problem is the so called blind source separation (BSS)
problem, in which we know a priori that a representation such as in
(1) exists and the task is to recover the sources (and the mixing matrix)
as accurately as possible. A fundamental property of the complete BSS
problem is that such a recovery (under assumptions in 1) and non-Gaus-
sianity of the sources) is possible up to permutation and scaling of the
sources, which makes the BSS problem so attractive.

In this letter, we consider SCA and BSS problems in the underde-
termined case (m < n, i.e., more sources than sensors, which is more
challenging problem), where the additional information compensating
the limited number of sensors is the sparseness of the sources. It should
be noted that this problem is quite general and fundamental, since the
sources could be not necessarily sparse in time domain. It would be suf-
ficient to find a linear transformation (e.g., wavelet packets), in which
the sources are sufficiently sparse.

In the sequel, we present new algorithms for solving the BSS
problem: matrix identification algorithm and source recovery algo-
rithm under conditions that the source matrix S has at most m � 1
nonzero elements in each column and if the identifiability conditions
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are satisfied (see Theorem 1). When the sources are locally very sparse
(see condition i) of Theorem 2) the matrix identification algorithm
is much simpler. We used this simpler form for separation of mix-
tures of images. After sparsification transformation (which is in fact
appropriate wavelet transformation) the algorithm works perfectly in
the complete case. We demonstrate the effectiveness of our general
matrix identification algorithm and the source recovery algorithm
in the underdetermined case for 7 artificially created sparse source
signals, such that the source matrix S has at most 2 nonzero elements
in each column, mixed with a randomly generated (3� 7) matrix.
For a comparison, we present a recovery using l1-norm minimization
[3], [4], which gives signals that are far from the original ones. This
implies that the conditions which ensure equivalence of l1-norm and
l0-norm minimization [4], Theorem 7, are generally not satisfied for
randomly generated matrices. Note that l1-norm minimization gives
solutions which have at mostm nonzeros [3], [4]. Another connection
with [4] is the fact that our algorithm for source recovery works “with
probability one,” i.e., for almost all data vectors x (in measure sense)
such that the system x = As has a sparse solution with less than
m nonzero elements, this solution is unique, while in [4] the authors
proved that for all data vectors x such that the system x = As has
a sparse solution with less than Spark(A)=2 nonzero elements, this
solution is unique. Note that Spark(A) � m+ 1, where Spark(A) is
the smallest number of linearly dependent columns ofA.

II. BLIND SOURCE SEPARATION

In this section, we develop a method for completely solving the BSS
problem if the following assumptions are satisfied:

A1) the mixing matrix A 2 IRm�n has the property that any
square m �m submatrix of it is nonsingular;

A2) each column of the source matrix S has at mostm�1 nonzero
elements;

A3) the sources are sufficiently rich represented in the fol-
lowing sense: for any index set of n � m + 1 elements
I = fi1; . . . ; in�m+1g � f1; . . . ; ng there exist at least m
column vectors of the matrix S such that each of them has
zero elements in places with indexes in I and each m � 1 of
them are linearly independent.

A. Matrix Identification

We describe conditions in the sparse BSS problem under which we
can identify the mixing matrix uniquely up to permutation and scaling
of the columns. We give two type of such conditions. The first one
corresponds to the least sparsest case in which such identification is
possible. Further, we consider the most sparsest case (for small number
of samples) as in this case the algorithm is much simpler.

1) General Case—Full Identifiability:
Theorem 1: (Identifiability Conditions—General Case): Assume

that in the representation X = AS the matrix A satisfies condition
A1), the matrix S satisfies conditions A2) and A3) and only the matrix
X is known. Then the mixing matrix A is identifiable uniquely up to
permutation and scaling of the columns.

Proof: It is clear that any column aj of the mixing matrix lies

in the intersection of all
n� 1

m� 2
hyperplanes generated by those

columns of A in which aj participates.
We will show that these hyperplanes can be obtained by the columns

of the data X under the condition of the theorem. Let J be the set of
all subsets of f1; . . . ; ng containing m � 1 elements and let J 2 J .

Note that J consists of
n

m� 1
elements. We will show that the hy-

perplane (denoted byHJ ) generated by the columns ofA with indexes
from J can be obtained by some columns ofX. By A2) and A3), there

exist m indexes ftkgmk=1 � f1; . . . ; Ng such that any m � 1 vector
columns of fS(:; tk)gmk=1 form a basis of the (m�1)-dimensional co-
ordinate subspace of n with zero coordinates given by f1; . . . ; ngnJ .
Because of the mixing model, vectors of the form

vk =
j2J

S(j; tk)aj ; k = 1; . . . ;m

belong to the data matrixX. Now, by condition A1) it follows that any
m�1 of the vectors fvkgm�1k=1 are linearly independent, which implies
that they will span the same hyperplane HJ . By A1) and the above,

it follows that we can cluster the columns of X in
n

m� 1
groups

Hk; k = 1; . . . ;
n

m� 1
uniquely such that each group Hk con-

tains at least m elements and they span one hyperplane HJ for some
Jk 2 J . Now we cluster the hyperplanes obtained in such a way in the
smallest number of groups such that the intersection of all hyperplanes
in each group gives a single one-dimensional (1-D) subspace. It is clear
that such 1-D subspace will contain one column of the mixing matrix,

the number of these groups is n and each group consists of
n� 1

m� 2
hyperplanes.

The proof of this theorem gives the idea for the matrix identification
algorithm.
Algorithm for Identification of the Mixing Matrix:

1) Cluster the columns of X in
n

m� 1
groups Hk; k =

1; . . . ;
n

m� 1
such that the span of the elements of each

group Hk produces one hyperplane and these hyperplanes are
different.

2) Cluster the normal vectors to these hyperplanes in the smallest
number of groups Gj ; j = 1; . . . ; n (which gives the number
of sources n) such that the normal vectors to the hyperplanes in
each group Gj lie in a new hyperplane Ĥj .

3) Calculate the normal vectors âj to each hyperplane Ĥj ; j =
1; . . . ; n. Note that the 1-D subspace spanned by âj is the in-
tersection of all hyperplanes inGj . The matrix Â with columns
âj is an estimation of the mixing matrix (up to permutation and
scaling of the columns).

2) Degenerate Case—Sparse Instances:
Theorem 2: (Identifiability Conditions—Locally Very Sparse Repre-

sentation): Assume that the number of sources is unknown and the
following:

i) for each index i = 1; . . . ; n there are at least two columns of
S : S(:; j1); andS(:; j2) which have nonzero elements only in
position i (so each source is uniquely present at least twice);

ii) X(:; k) 6= cX(:; q) for any c 2 , any k = 1; . . . ; N and
any q = 1; . . . ; N; k 6= q for which S(:; k) has more that one
nonzero element.

Then the number of sources and the matrix A are identifiable
uniquely up to permutation and scaling.

Proof: We cluster in groups all nonzero normalized column vec-
tors ofX such that each group consists of vectors which differ only by
sign. From conditions i) and ii), it follows that the number of the groups
containing more that one element is precisely the number of sources n,
and that each such group will represent a normalized column ofA (up
to sign).

In the following, we include an algorithm for identification of the
mixing matrix based on Theorem 2.
Algorithm for Identification of the Mixing Matrix in the Very Sparse

Case:

1) Remove all zero columns ofX (if any) and obtain amatrixX1 2
m�N .
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2) Normalize the columns xi; i = 1; . . . ; N1 of X1 : yi =
xi=kxik and set " > 0.
Multiply each column yi by�1 if the first element of yi is neg-
ative.

3) Cluster yi; i = 1; . . . ; N1 in n� 1 groups G1; . . . ; Gn+1 such
that for any i = 1; . . . ; n; kx � yk < "; 8x; y 2 Gi, and
kx� yk � " for any x; y belonging to different groups

4) Chose any yi 2 Gi and put ai = yi. The matrix A with
columns faigni=1 is an estimation of the mixing matrix, up to
permutation and scaling.

We should mention that the very sparse case in different settings is
already considered in the literature, but in more restrictive sense. In [6],
the authors suppose that the supports of the Fourier transform of any
two source signals are disjoint sets—a much more restrictive condition
than our condition. In [1], the authors suppose that for any source there
exists a time-frequency window where only this source is nonzero and
that the time-frequency transform of each source is not constant on any
time-frequency window. We would like to mention that their condition
should include also the case when the the time-frequency transforms
of any two sources are not proportional in any time-frequency window.
Such a quantitative condition (without frequency representation) is pre-
sented in our Theorem 2, condition ii).

B. Identification of Sources

Theorem 3: (Uniqueness of Sparse Representation): Let H be the
set of all x 2 m such that the linear system As = x has a solution
with at least n�m+ 1 zero components. IfA fulfills A1), then there
exists a subset H0 � H with measure zero with respect to H, such
that for every x 2 HnH0 this system has no other solution with this
property.

Proof: ObviouslyH is the union of all
n

m� 1
= (n!)=((m�

1)!(n�m+1)! hyperplanes, produced by taking the linear hull of every
subsets of the columns ofA withm�1 elements. LetH0 be the union
of all intersections of any two such subspaces. ThenH0 has a measure
zero in H and satisfies the conclusion of the theorem. Indeed, assume
that x 2 HnH0 and As = A�s = x, where s and �s have at least
n � m + 1 zeros. Since x 62 H0;x belongs to only one hyperplane
produced as a linear hull of some m � 1 columns ai ; . . . ; ai of
A. It means that the vectors s and �s have n �m + 1 zeros in places
with indexes in f1; . . . ; ngnfi1; . . . ; im�1g. Now from the equation
A(s��s) = 0 it follows that them�1 vector columns ai ; . . . ; ai
ofA are linearly dependent, which is a contradiction with A1).

From Theorem 3 it follows that the sources are identifiable generi-
cally, i.e., up to a set with a measure zero, if they have level of sparse-
ness grater than or equal to n�m+1, and the mixing matrix is known.
In the following, we present an algorithm, based on the observation in
Theorem 3.

Source Recovery Algorithm:

1) Identify the the set of k-codimensional subspaces H produced
by taking the linear hull of every subsets of the columns of A
with m � 1 elements.

2) Repeat for i = 1 to N :
2.1) Identify the space H 2 H containing xi := X(:; i), or, in

practical situation with presence of noise, identify the one to
which the distance from xi is minimal and project xi onto
H to ~xi.

2.2) if H is produced by the linear hull of column vectors
ai ; . . . ; ai , then find coefficients �i;j such that

~xi =

m�1

j=1

�i;jai :

Fig. 1. Original images.

Fig. 2. Mixed (observed) images.

Fig. 3. Estimated normalized images using the estimated matrix. The
signal-to-noise ratios with the sources from Fig. 1 are 232, 239, and 228 dB,
respectively.

These coefficients are uniquely determined if ~xi does not
belong to the set H0 with measure zero with respect to H
(see Theorem 3);

2.3) Construct thesolutionsi = S(:; i): it contains�i;j in theplace
ij for j = 1; . . . ; m� 1, the other its components are zero.

III. SCA

In this section, we develop a method for the complete solution of the
SCA problem. Now the conditions are formulated only in terms of the
data matrix X.
Theorem 4: (SCA Conditions): Assume that m � n � N and the

matrixX 2 m�N satisfies the following conditions:

i) the columns ofX lie in the unionH of
n

m� 1
different hy-

perplanes, each column lies in only one such hyperplane, each
hyperplane contains at least m columns of X such that each
m � 1 of them are linearly independent;

ii) for each i 2 f1; . . . ; ng there exist p =
n� 1

m� 2
different

hyperplanes fHi;jg
p
j=1 in H such that their intersection Li =

\pk=1Hi;j is 1-D subspace;
iii) any m different Li span the whole m.
Then the matrixX is representable uniquely (up to permutation and

scaling of the columns of A and rows of S) in the form X = AS,
where the matricesA 2 m�n and S 2 n�N satisfy the conditions
A1) and A2), A3), respectively.

Proof: LetLi be spanned by ai and setA = faig
n
i=1. Condition

iii) implies that any hyperplane fromH contains at mostm�1 vectors
from A. By i) and ii), it follows that these vectors are exactly m � 1:
only in this case the calculation of the number of all hyperplanes by

ii) will give the number in i): n
n� 1

m� 2
=(m� 1) =

n

m� 1
. Let

A be a matrix whose column vectors are all vectors from A (taken in
an arbitrary order). Since every column vector x ofX lies only in one
hyperplane from H, the linear system As = x has unique solution,
which has at least n�m+ 1 zeros (see the Proof of Theorem 3). Let
fxig

m
i=1 be m column vectors from X, which span one hyperplane

from H, and m � 1 of them are linearly independent (such vectors
exist by i)). Then we have: Asi = xi, for some uniquely determined
vectors si; i = 1; . . . ; m� 1, which are linearly independent and have
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(a) (b)

Fig. 4. (a) Mixed signals and (b) normalized scatter plot (density) of the mixtures together with the 21 data set hyperplanes, visualized by their intersection with
the unit sphere in .

(a) (b) (c)

Fig. 5.(a) Original source signals.(b) Recovered source signals—the signal-to-noise ratio between the original sources and the recoveries is very high (above 278
dB after permutation and normalization). Note that only 200 samples are enough for excellent separation. (c) Recovered source signals using l -norm minimization
and known mixing matrix. Simple comparison confirms that the recovered signals are far from the original ones, and the signal-to-noise ratio is only around 4 dB.

at least n �m + 1 zeros in the same coordinates. In such a way, we
can write: X = AS for some uniquely determined matrix S, which
satisfies A2) and A3).

We should mention that our algorithms are robust with respect to
small additive noise and big outliers, since the algorithms cluster the
data on hyperplanes approximately, up to a threshold " > 0, which
could accumulate a noise with amplitude less than ". The big outliers
will not be clustered to any hyperplane.

IV. COMPUTER SIMULATION EXAMPLES

A. Complete Case

In this example for the complete case (m = n) of instantaneous
mixtures, we demonstrate the effectiveness of our algorithm for iden-
tification of the mixing matrix in the special case considered in The-
orem 2. We mixed three images of landscapes (shown in Fig. 1) with
a three-dimensional (3-D) Hilbert matrix A and transformed them by
a two-dimensional (2-D) discrete Haar wavelet transform. As a result,
since this transformation is linear, the high frequency components of
the source signals become very sparse and they satisfy the conditions
of Theorem 2. We use only one row (320 points) from the diagonal
coefficients of the wavelet transformed mixture, which is enough to re-
cover very precisely the ill conditioned mixing matrixA. Fig. 3 shows
the recovered mixtures.

B. Underdetermined Case

We consider a mixture of seven artificially created sources (see
Fig. 5)—sparsified randomly generated signals with at least 5 zeros
in each column—with a randomly generated mixing matrix with
dimension 3� 7. Fig. 4 gives the mixed signals together with a

normalized scatterplot of the mixtures—the data lies in 21 =
7

2
hyperplanes. Applying the underdetermined matrix recovery algorithm
to the mixtures gives the recovered mixing matrix perfectly well, up
to permutation and scaling (not shown because of lack of space).
Applying the source recovery algorithm, we recover the source signals
up to permutation and scaling (see Fig. 5). This figure also shows that
the recovery by l1-norm minimization does not perform well, even if
the mixing matrix is perfectly known.

V. CONCLUSION

We defined rigorously the SCA and BSS problems of sparse sig-
nals and presented sufficient conditions for their solving.We developed
three algorithms: for identification of the mixing matrix (two types: for
the sparse and the very sparse cases) and for source recovery. We pre-
sented two experiments: the first one concerns separation of a mixture
of images, after wavelet sparsification (producing very sparse sources),
which performs very well in the complete case. The second one shows



996 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 16, NO. 4, JULY 2005

the excellent performance of the another two our algorithms in the un-
derdetermined BSS problem, for separation of artificially created sig-
nals with sufficient level of sparseness.
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Equivalence Between RAM-Based Neural Networks and
Probabilistic Automata

Marcilio C. P. de Souto, Teresa B. Ludermir, andWilson R. de Oliveira

Abstract—In this letter, the computational power of a class of random
access memory (RAM)-based neural networks, called general single-layer
sequential weightless neural networks (GSSWNNs), is analyzed. The theo-
retical results presented, besides helping the understanding of the temporal
behavior of these networks, could also provide useful insights for the devel-
oping of new learning algorithms.

Index Terms—Automata theory, computability, random access
memory (RAM) node, probabilistic automata, RAM-based neural net-
works, weightless neural networks (WNNs).

I. INTRODUCTION

The neuron model used in the great majority of work involving
neural networks is related to variations of the McCulloch–Pitts neuron,
which will be called the weighted neuron. A typical weighted neuron
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can be described by a linear weighted sum of the inputs, followed by
some nonlinear transfer function [1], [2]. In this letter, however, the
neural computing models studied are based on artificial neurons which
often have binary inputs and outputs, and no adjustable weight between
nodes. Neuron functions are stored in lookup tables, which can be
implemented using commercially available random access memories
(RAMs). These systems and the nodes that they are composed of will
be described, respectively, as weightless neural networks (WNNs) and
weightless nodes [1], [2]. They differ from other models, such as the
weighted neural networks, whose training is accomplished by means
of adjustments of weights. In the literature, the terms “RAM-based”
and “N-tuple based” have been used to refer to WNNs.

In this letter, the computability (computational power) of a class of
WNNs, called general single-layer sequential weightless neural net-
works (GSSWNNs), is investigated. Such a class is an important rep-
resentative of the research on temporal pattern processing in (WNNs)
[3]–[8]. As one of the contributions, an algorithm (constructive proof)
to map any probabilistic automaton (PA) into a GSSWNN is presented.
In fact, the proposed method not only allows the construction of any
PA, but also increases the class of functions that can be computed by
such networks. For instance, at a theoretical level, these networks are
not restricted to finite-state languages (regular languages) and can now
deal with some context-free languages. Practical motivations for inves-
tigating probabilistic automata and GSSWNNs are found in their pos-
sible application to, among others things, syntactic pattern recognition,
multimodal search, and learning control [9].

II. DEFINITIONS

A. Probabilistic Automata

Probabilistic automata are a generalization of ordinary deterministic
finite state automata (DFA) for which an input symbol could take the
automaton into any of its states with a certain probability [9].
Definition 2.1: A PA is a 5-tupleAP = (�;Q;H; qI ; F ), where

• � = f�1; �2; . . . ; �j�jg is a finite set of ordered symbols called
the input alphabet;

• Q = fq0; q2; . . . ; qjQjg is a finite set of states;
• H is a mapping of Q� � into the set of n � n stochastic state

transition matrices (where n is the number of states in Q). The
interpretation of H(am); am 2 �, can be stated as follows.
H(am) = [pij(am)], where pij(am) � 0 is the probability of
entering state qj from state qi under input am, and n

j=1
pij =

1, for all i = 1; . . . ; n. The domain ofH can be extended from
� to �� by defining the following:

1) H(�) = In, where � is the empty string and In is an n � n

identity matrix;
2) H(am ; am ; . . . ; am ) =

H(am )H(am ); . . . ; H(am ), where k � 2 and
am 2 �; j = 1; . . . ; k.

• qI 2 Q is the initial state in which the machine is found before
the first symbol of the input string is processed;

• F is the set of final states (F � Q).
The language accepted by a PA AP is T (AP ) = f(!; p(!))j! 2

��; p(!) = �0H(!)�F > 0g where: 1) �0 is a n-dimensional row
vector, in which the ith component is equal to one if qi = qI , and 0
otherwise and 2) �F is an n-dimensional column vector, in which the
jth component is equal to 1 if qj 2 F and 0 otherwise.

The language accepted byAP with cut-point(threshold) �, such that
0 � � < 1, is L(AP ; �) = f!j! 2 �� and �0H(!)�F > �g.

Probabilistic automata recognize exactly the class of weighted reg-
ular languages (WRLs) [9]. Such a class of languages includes properly
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